Introduction {#Sec1}
============

A fundamental question in dynamics is to find "natural" invariant measures on the phase space of a dynamical system. Such measures afford a window into the dynamical complexity of chaotic systems by allowing one to study the statistical properties of the system via observations of "typical" orbits. For example, the knowledge that Gauss measure on \[0, 1\] is ergodic and invariant with respect to the Gauss map allows one to compute the distribution of continued fraction partial quotients of Lebesgue almost every real number \[[@CR15], §3.2\]. In general, ergodic invariant measures that are absolutely continuous to Lebesgue measure are often considered the most physically relevant, since they describe the statistical properties of the forward orbits of a set of points of positive Lebesgue measure.

However, in many cases there are no invariant measures absolutely continuous to Lebesgue measure. In this circumstance, there are other ways of deciding which invariant measure is the most "natural"---for example, Sinai, Ruelle, and Bowen considered a class of invariant measures (now known as SRB measures) that still describe the behavior of forward orbits of points typical with respect to Lebesgue measure, even though these invariant measures are not necessarily absolutely continuous to Lebesgue measure, see e.g. \[[@CR56]\]. However, there are some disadvantages to this class of measures, for example we may want to consider measures supported on a fractal subset of interest such as a basic set or a repeller, and SRB measures may not be supported on such a fractal.

A complementary approach is to judge how natural a measure is in terms of its Hausdorff dimension. For example, Lebesgue measure has the largest possible Hausdorff dimension of any measure, equal to the Hausdorff dimension of the entire space. If we are looking for measures supported on a fractal subset, it makes sense to look for one whose Hausdorff dimension is equal to the Hausdorff dimension of that set. An ergodic invariant measure with this property can be thought of as capturing the "typical" dynamics of points on the fractal. In cases where such a measure is known to exist, it is often unique; see e.g. \[[@CR43], Theorem 9.3.1\] and \[[@CR32], Theorem 4.4.7\], where this is proven in the cases of conformal expanding repellers and conformal graph directed Markov systems, respectively.

On the other hand, if the Hausdorff dimension of an invariant measure is strictly less than the Hausdorff dimension of the entire fractal, then the set of typical points for the measure is much smaller than the set of atypical points, and therefore the dynamics of "most" points on the fractal are not captured by the measure. Even so, we can ask whether the Hausdorff dimension of the fractal can be approximated by the Hausdorff dimensions of invariant measures, i.e. whether it is equal to the supremum of the Hausdorff dimensions of such measures. We call the latter number the *dynamical dimension* of the system; cf. \[[@CR14]\], \[[@CR43], §§12.2--12.3\], though we note that the definition of the dynamical dimension in these references is slightly different from ours.

The question of which dynamical systems have ergodic invariant measures of full Hausdorff dimension has generated substantial interest over the past few decades, see e.g. \[[@CR4], [@CR9], [@CR17], [@CR18], [@CR21], [@CR24], [@CR25], [@CR27], [@CR30]--[@CR33], [@CR42], [@CR45], [@CR52], [@CR55]\], as well as the survey articles \[[@CR7], [@CR13], [@CR22], [@CR51]\] and the books \[[@CR5], [@CR6]\]. Most of the results are positive, proving the existence and uniqueness of a measure of full dimension under appropriate hypotheses on the dynamical system.

The theory in the case of (compact) expanding systems that are conformal or essentially one-dimensional is, in a sense, the most complete---the Hausdorff and box dimensions of the repeller coincide, and there exists a unique ergodic invariant full dimension measure. The equality of dimension characteristics as well as the existence of a full dimension measure is a consequence of *Bowen's formula* in the thermodynamic formalism, which equates the Hausdorff dimension of the repeller with the unique zero of a pressure functional, see e.g. \[[@CR43], Corollary 9.1.7\], \[[@CR23]\], or \[[@CR49], Theorem 2.1\] for an elementary proof. The uniqueness of the full dimension measure follows from the *Volume Lemma*, which describes how to compute the Hausdorff dimension of an arbitrary ergodic invariant measure, see e.g. \[[@CR43], Theorems 9.1.11 and 9.3.1\]. On the other hand, if either of the assumptions of compactness and expansion is dropped, then a full dimension measure may not exist, see \[[@CR2], [@CR53]\] respectively.

Another class of examples for which a great deal of theory has been established is the case of two-dimensional Axiom A diffeomorphisms. Loosely speaking, Axiom A diffeomorphisms are those in which there is a dichotomy between "expanding" directions and "contracting" directions, see e.g. \[[@CR12]\] for a beautiful introduction. McCluskey and Manning \[[@CR33]\] showed that "most" two-dimensional Axiom A diffeomorphisms have basic sets whose Hausdorff dimension is strictly greater than their dynamical dimension (i.e. the supremal dimension of invariant measures), and in particular there are no invariant measures of full dimension. So in the (topologically) generic case there can be no theory of full dimension measures. There is also a simple sufficient condition (not satisfied generically) for the existence of full dimension measures for two-dimensional Axiom A diffeomorphisms, see \[[@CR21], Theorem 1.10\]. This condition is also necessary, at least in the case where the system is topologically conjugate to a topologically mixing shift space, as can be seen by combining \[[@CR8], p.99\] with \[[@CR12], Theorem 1.28\].

Progress beyond these cases, and in particular in the case where the system is expanding but may have different rates of expansion in different directions, has been much slower and of more limited scope, see e.g. \[[@CR7], [@CR13], [@CR22], [@CR51]\]. Such systems, called "expanding repellers", form another large and much-studied class of examples. They can be formally defined as follows:
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                \begin{document}$$f^n$$\end{document}$ is infinitesimally expanding on *K* with respect to the Riemannian metric.

The following question regarding such systems, stated by Schmeling and Weiss to be "one of the major open problems in the dimension theory of dynamical systems" \[[@CR51], p.440\], dates back to at least the early 1990s and can be found reiterated in several places in the literature by various experts in the field (see Lalley and Gatzouras \[[@CR28], p.4\], Kenyon and Peres \[[@CR26], Open Problem\], Gatzouras and Peres \[[@CR22], Problem 1\], Gatzouras and Peres \[[@CR23], Conjecture on p.166\], Peres and Solomyak \[[@CR39], Question 5.1\], Schmeling and Weiss \[[@CR51], p.440\], Petersen \[[@CR40], p.188\], Chen and Pesin \[[@CR13], p.R108\], Schmeling \[[@CR50], p.298\], Barreira \[[@CR6], p.5\]):

Question 1.2 {#FPar2}
------------

Does every expanding repeller have an ergodic invariant measure of full dimension?

In this paper we will prove that the answer to Question [1.2](#FPar2){ref-type="sec"} is negative by constructing a piecewise affine expanding repeller topologically conjugate to the full shift whose Hausdorff dimension is strictly greater than its dynamical dimension. This expanding repeller will belong to a class of sets that we call "self-affine sponges" (not all of which are expanding repellers), and we develop tools for calculating the Hausdorff and dynamical dimensions of self-affine sponges more generally. This makes our paper an extension of several known results about self-affine sponges \[[@CR3], [@CR10], [@CR26], [@CR28], [@CR34]\], though in all previously studied cases, the Hausdorff and dynamical dimensions have turned out to be equal. We also note that self-affine sponges are a subclass of the more general class of self-affine sets, and that it is known that almost every self-affine set (with respect to a certain measure on the space of perturbations of a given self-affine set) has an ergodic invariant measure of full dimension \[[@CR25]\]. However, self-affine sponges do not represent typical instances of self-affine sets and so this result does not contradict our theorems. Nevertheless, we show that our counterexamples represent a non-negligible set of self-affine sponges (in the sense of containing a nonempty open subset of the parameter space); see Theorem [2.9](#FPar12){ref-type="sec"}.

Previous approaches to Question [1.2](#FPar2){ref-type="sec"} have involved using the thermodynamic formalism to compute the Hausdorff dimension of the repeller and then comparing with the dimensions of the invariant measures calculated using the Volume Lemma or its generalization, the Ledrappier--Young dimension formula \[[@CR29], Corollary D$\documentclass[12pt]{minimal}
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                \begin{document}$$'$$\end{document}$\]. When it works, this strategy generally shows that the Hausdorff and dynamical dimensions of a repeller are equal. By contrast, we still use the Ledrappier--Young formula to calculate the dimension of invariant measures, but our strategy to calculate the dimension of the repeller is to pay more attention to the *non-invariant* measures. Indeed, we write the Hausdorff dimension of a self-affine sponge as the supremum of the Hausdorff dimensions of certain particularly nice non-invariant measures that we call "pseudo-Bernoulli" measures (see Definition [2.10](#FPar14){ref-type="sec"}), which are relatively homogeneous with respect to space, but whose behavior with respect to length scale varies in a periodic way. The dimension of these measures turns out to be calculable via an appropriate analogue of the Ledrappier--Young formula, which is how we show that it is sometimes larger than the dimension of any invariant measure.

Main results {#Sec2}
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Qualitative results {#Sec3}
-------------------

### Definition 2.1 {#FPar3}

Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d \ge 1$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D = \{1,\ldots ,d\}$$\end{document}$. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in D$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_i$$\end{document}$ be a finite index set, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi _i = (\phi _{i,a})_{a\in A_i}$$\end{document}$ be a finite collection of contracting similarities of \[0, 1\], called the *base IFS in coordinate* *i*. (Here IFS is short for *iterated function system*.) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = \prod _{i\in D} A_i$$\end{document}$, and for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {a}} = (a_1,\ldots ,a_d) \in A$$\end{document}$, consider the contracting affine map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{{\mathbf {a}}} : [0,1]^d \rightarrow [0,1]^d$$\end{document}$ defined by the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _{{\mathbf {a}}}(x_1,\ldots ,x_d) = (\phi _{{\mathbf {a}},1}(x_1),\ldots ,\phi _{{\mathbf {a}},d}(x_d)), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{{\mathbf {a}},i}$$\end{document}$ is shorthand for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{i,a_i}$$\end{document}$ in the formula above, as well as elsewhere. Geometrically, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{\mathbf {a}}$$\end{document}$ can be thought of as corresponding to the rectangle$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _{\mathbf {a}}([0,1]^d) = \prod _{i\in D} \phi _{{\mathbf {a}},i}([0,1]) \subset [0,1]^d . \end{aligned}$$\end{document}$$Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E \subset A$$\end{document}$, we call the collection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi {\, \mathop {=}\limits ^{\mathrm {def}}\, }(\phi _{\mathbf {a}})_{{\mathbf {a}}\in E}$$\end{document}$ a *diagonal IFS*. The *coding map* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi $$\end{document}$ is the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi :E^\mathbb {N}\rightarrow [0,1]^d$$\end{document}$ defined by the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \pi (\omega ) = \lim _{n\rightarrow \infty } \phi _{\omega \upharpoonleft n}(\mathbf {0}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{\omega \upharpoonleft n} {\, \mathop {=}\limits ^{\mathrm {def}}\, }\phi _{\omega _1}\circ \cdots \circ \phi _{\omega _n}$$\end{document}$. Finally, the *limit set* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi $$\end{document}$ is the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _\Phi {\, \mathop {=}\limits ^{\mathrm {def}}\, }\pi (E^\mathbb {N})$$\end{document}$. We call the limit set of a diagonal IFS a *self-affine sponge*. It is a special case of the more general notion of an *self-affine set*, see e.g. \[[@CR16]\].

### Remark {#FPar4}

This definition excludes some sets that it is also natural to call "sponges", namely the limit sets of affine iterated function systems whose contractions preserve the class of coordinate-parallel rectangles, see e.g. \[[@CR19]\]. The linear parts of such contractions are matrices that can be written as the composition of a permutation matrix and a diagonal matrix. Self-affine sets resulting from these "coordinate-permuting IFSes" are significantly more technical to deal with, so for simplicity we restrict ourselves to the case of sponges coming from diagonal IFSes.
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                \begin{document}$$d = 2$$\end{document}$, self-affine sponges are called *self-affine carpets*, and have been studied in detail. Their Hausdorff dimensions were computed by Bedford \[[@CR10]\], McMullen \[[@CR34]\], Lalley and Gatzouras \[[@CR28]\], and Barański \[[@CR3]\], assuming that various conditions are satisfied. Since we will be interested in the higher-dimensional versions of these conditions, we define them now:Fig. 1Generating templates for a Sierpiński carpet (*left*), carpets satisfying the coordinate ordering condition (*two middle pictures*), and a Barański carpet (*right*). Each picture defines a diagonal IFS: each *shaded region* corresponds to an affine contraction that sends the entire unit square to that *shaded region*. The *right middle picture* satisfies an additional disjointness condition which makes it a *Lalley--Gatzouras carpet*; cf. Definition [3.6](#FPar28){ref-type="sec"}
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Notice that every Sierpiński sponge satisfies the coordinate ordering condition and is also Barański. Bedford \[[@CR10]\] and McMullen \[[@CR34]\] independently computed the Hausdorff dimension of Sierpiński carpets, and consequently these carpets are sometimes known as *Bedford--McMullen carpets*. Barański computed the Hausdorff dimension of what we call Barański carpets \[[@CR3]\].[1](#Fn1){ref-type="fn"} On the other hand, the coordinate ordering condition, which can be thought of as guaranteeing a "clear separation of Lyapunov directions", cf. \[[@CR7], p.643\], is a higher-dimensional generalization of one of the assumptions of Lalley and Gatzouras \[[@CR28]\]. Their other assumption is a disjointness condition \[[@CR28], p.534\] that is slightly weaker than the Barański condition. The higher-dimensional analogue of the disjointness condition is somewhat technical to state, so we defer its definition until Sect. [3](#Sec5){ref-type="sec"}.
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In \[[@CR3], [@CR10], [@CR28], [@CR34]\], a relation was established between the Hausdorff dimension of a self-affine carpet $\documentclass[12pt]{minimal}
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### Theorem 2.4 {#FPar7}

(\[[@CR3]\], special cases \[[@CR10], [@CR28], [@CR34]\]) Let $\documentclass[12pt]{minimal}
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It is natural to ask whether Theorem [2.4](#FPar7){ref-type="sec"} can be generalized to higher dimensions. This question was answered by Kenyon and Peres \[[@CR26]\] in the case of Sierpiński sponges:

### Theorem 2.5 {#FPar8}

(\[[@CR26], Theorem 1.2\], special cases \[[@CR10], [@CR34]\]) The formula ([2.1](#Equ1){ref-type=""}) holds for Sierpiński sponges (in all dimensions).

These results might lead one to conjecture that the formula ([2.1](#Equ1){ref-type=""}) holds for all Barański sponges, or at least all Barański sponges satisfying the coordinate ordering condition. If that fails, one might still conjecture that the Hausdorff dimension of a Barański sponge is attained by some ergodic invariant measure, even if that measure is not a Bernoulli measure. For example, Neunhäuserer showed that the formula ([2.1](#Equ1){ref-type=""}) fails for a certain class of non-Barański self-affine carpets \[[@CR35], Theorem 2.2\], but later it was shown that these carpets do in fact have ergodic invariant measures of full dimension \[[@CR18], Theorem 2.15\]. Similar examples appear in the realms of conformal iterated function systems satisfying the open set condition \[[@CR24], [@CR31], [@CR32]\], affine iterated function systems with randomized translational parts \[[@CR9], [@CR25]\], and certain non-conformal non-affine iterated function systems \[[@CR45]\], though in these settings, it was not expected that the measure of full dimension would be a Bernoulli measure. This leads to the following definition:

### Definition 2.6 {#FPar9}
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                \begin{document}$$E^\mathbb {N}$$\end{document}$ that are invariant under the shift map.

It turns out that this definition does not help at getting larger dimensions:

### Theorem 2.7 {#FPar10}

The dynamical dimension of a Barański sponge $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dim _H}(\Phi ) \ge {\dim _D}(\Phi ). \end{aligned}$$\end{document}$$The main result of this paper is that this inequality is sometimes strict:

### Theorem 2.8 {#FPar11}

(Existence of sponges with a dimension gap) For all $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma : E^\mathbb {N}\rightarrow E^\mathbb {N}$$\end{document}$ is the shift map (cf. Observation [2.3](#FPar6){ref-type="sec"}). Thus, Theorem [2.8](#FPar11){ref-type="sec"} shows that the answer to Question [1.2](#FPar2){ref-type="sec"} is negative.

The contrast between Theorems [2.4](#FPar7){ref-type="sec"} and [2.8](#FPar11){ref-type="sec"} shows that the behavior of self-affine sponges is radically different in the two-dimensional and three-dimensional settings. See Remark [7.3](#FPar45){ref-type="sec"} for some ideas about the cause of this difference.

A natural follow-up question is how common sponges with a dimension gap are. One way to measure this is to ask whether they represent a positive measure subset of the parameter space. We answer this question affirmatively by showing that dimension gaps are stable under perturbations: any Barański sponge whose defining IFS is sufficiently close to the defining IFS of a Barański sponge with a dimension gap also has a dimension gap. Equivalently, the class of Barański IFSes whose limit sets have a dimension gap is an open subset of the parameter space. This is an immediate corollary of the following theorem:

### Theorem 2.9 {#FPar12}

The functions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Phi&\mapsto {\dim _H}(\Phi ),&\Phi&\mapsto {\dim _D}(\Phi ) \end{aligned}$$\end{document}$$are continuous on the space of Barański IFSes.

### Remark {#FPar13}

It is not too hard to modify the proof of Theorem [2.9](#FPar12){ref-type="sec"} to get a stronger result: the functions ([2.3](#Equ3){ref-type=""}) are computable in the sense of computable analysis (see \[[@CR54]\] for an introduction). This means that there is an algorithm that outputs arbitrarily accurate approximations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi $$\end{document}$. Every computable function is continuous \[[@CR54], Theorem 4.3.1\]; the converse is not true, since there are only countably many computable functions.

Computational results {#Sec4}
---------------------

The strategy of the proof of Theorem [2.8](#FPar11){ref-type="sec"} is to come up with general formulas for the Hausdorff and dynamical dimensions of a Barański sponge, and then to compare them in a concrete example. For example, Theorem [2.7](#FPar10){ref-type="sec"} gives a way to compute the dynamical dimension once the dimensions of the Bernoulli measures are known. To get a similar result for the Hausdorff dimension, we introduce a new class of measures which we call "pseudo-Bernoulli". These measures are not invariant, since if they were then their dimension could be no bigger than the dynamical dimension.

### Definition 2.10 {#FPar14}
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                \begin{document}$$\mathcal P$$\end{document}$ denotes the space of probability measures on *E*, the alphabet of the IFS. Given $\documentclass[12pt]{minimal}
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The following theorem subsumes Theorems [2.4](#FPar7){ref-type="sec"} and [2.5](#FPar8){ref-type="sec"} as special cases, see Sect. [7](#Sec9){ref-type="sec"} for details. The techniques we use to prove it are similar to the techniques originally used to prove Theorems [2.4](#FPar7){ref-type="sec"} and [2.5](#FPar8){ref-type="sec"}.

### Theorem 2.11 {#FPar15}

The Hausdorff dimension of a Barański sponge $\documentclass[12pt]{minimal}
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### Remark {#FPar16}
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To compute the Hausdorff dimension of pseudo-Bernoulli measures, we need to introduce some more notation and definitions:
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Note that every measure is nondegenerate when considered as a constant cycle.

### Theorem 2.15 {#FPar20}
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### Proposition 2.16 {#FPar21}
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### Remark {#FPar22}

The formula ([2.13](#Equ13){ref-type=""}) is a special case of a theorem of Feng and Hu \[[@CR18], Theorem 2.11\]. It can be viewed as an analogue of the well-known Ledrappier--Young formula for the Hausdorff dimension of the unstable leaves of an ergodic invariant measure of a diffeomorphism \[[@CR29], Corollary D$\documentclass[12pt]{minimal}
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                \begin{document}$$'$$\end{document}$\]. In fact, ([2.13](#Equ13){ref-type=""}) is close to being a special case of the "Ledrappier--Young formula for endomorphisms" \[[@CR44], Theorem 2.8 and (19)\], although there are formal difficulties with deducing one from the other.[3](#Fn3){ref-type="fn"} Since the formula ([2.12](#Equ12){ref-type=""}) bears some resemblance to ([2.13](#Equ13){ref-type=""}), it can be thought of as extending this Ledrappier--Young-type formula to certain non-invariant measures of a dynamical system.

We remark that the results of this section are the first in the literature to address dimension questions regarding self-affine sponges of dimension at least three, with the exception of various results regarding Sierpiński sponges \[[@CR26], [@CR36], [@CR37]\]. This significant gap in the literature was recently posed as question by Fraser and Howroyd \[[@CR20], Question 4.3\], namely how to compute the Hausdorff dimension and the upper and lower Assouad and box dimensions of self-affine sponges. The results of this subsection can be seen as partially answering this broad question.

*Outline of the paper* In Sect. [3](#Sec5){ref-type="sec"} we introduce a weakening of the Barański assumption that we will use in our proofs. In Sect. [4](#Sec6){ref-type="sec"} we prove Theorem [2.15](#FPar20){ref-type="sec"} and Proposition [2.16](#FPar21){ref-type="sec"}. In Sect. [5](#Sec7){ref-type="sec"} we prove Theorems [2.7](#FPar10){ref-type="sec"} and [2.11](#FPar15){ref-type="sec"}. In Sect. [6](#Sec8){ref-type="sec"} we prove Theorem [2.9](#FPar12){ref-type="sec"}. In Sect. [7](#Sec9){ref-type="sec"} we give new proofs of Theorems [2.4](#FPar7){ref-type="sec"} and [2.5](#FPar8){ref-type="sec"} using Theorem [2.11](#FPar15){ref-type="sec"}. We prove our main result, Theorem [2.8](#FPar11){ref-type="sec"}, in Sect. [8](#Sec10){ref-type="sec"}. Finally, in Sect. [9](#Sec11){ref-type="sec"} we list a few open questions. The sections are mostly independent of each other, but they are ordered according to the dependencies between the proofs.
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Weaker projection conditions {#Sec5}
============================

In the theorems of the previous section, we always assumed that the self-affine sponge in question was Barański---i.e. that its base IFSes satisfied the open set condition. This assumption is not always necessary and can in some circumstances be replaced by a weaker assumption:
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Theorem 3.3 {#FPar25}
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Corollary 3.4 {#FPar26}
-------------

(Generalization of Theorems [2.7](#FPar10){ref-type="sec"} and [2.11](#FPar15){ref-type="sec"}) Let $\documentclass[12pt]{minimal}
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Remark 3.5 {#FPar27}
----------

In some cases, Theorem [3.3](#FPar25){ref-type="sec"} can still be used to compute the Hausdorff and dynamical dimensions of a sponge $\documentclass[12pt]{minimal}
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Using the terminology of this section, we can also generalize the framework of Lalley and Gatzouras \[[@CR28]\] to higher dimensions:

Definition 3.6 {#FPar28}
--------------

A sponge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _\Phi $$\end{document}$ will be called *Lalley--Gatzouras* if it satisfies the coordinate ordering condition with respect to some permutation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ of *D*, such that the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (I_{\le i})$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in D$$\end{document}$) are all good. Equivalently, a sponge is Lalley--Gatzouras if it is good and satisfies the coordinate ordering condition.

We do not prove any theorems specifically about Lalley--Gatzouras sponges, since they do not seem to behave any differently from general good sponges. However, it is worth noting that since all Lalley--Gatzouras sponges are good, all our theorems about good sponges apply to them, so that we are truly generalizing the framework of \[[@CR28]\] as well as the framework of \[[@CR3]\]. We also note that the sponge of Theorem [2.8](#FPar11){ref-type="sec"} is a Lalley--Gatzouras sponge, since it is a Barański sponge that satisfies the coordinate ordering condition.

Dimensions of pseudo-Bernoulli measures {#Sec6}
=======================================

In this section we compute the Hausdorff dimension of pseudo-Bernoulli measures, proving Theorem [3.2](#FPar24){ref-type="sec"} (which implies Theorem [2.15](#FPar20){ref-type="sec"}) and Proposition [2.16](#FPar21){ref-type="sec"}. Our main tool will be the Rogers--Taylor density theorem, a well-known formula for computing the Hausdorff dimension of a measure:
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-----
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Corollary 4.3 {#FPar32}
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Proof {#FPar33}
-----
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Proof of Proposition 2.16 {#FPar34}
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Proof of Theorem 3.2 {#FPar35}
--------------------
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Hausdorff and dynamical dimensions of self-affine sponges {#Sec7}
=========================================================

In this section we compute the Hausdorff and dynamical dimensions of a self-affine sponge by proving Theorem [3.3](#FPar25){ref-type="sec"}, which implies Theorems [2.7](#FPar10){ref-type="sec"} and [2.11](#FPar15){ref-type="sec"}.

Proof of Theorem 3.3 {#FPar36}
--------------------
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Proof {#FPar38}
-----
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Continuity of dimension functions {#Sec8}
=================================

In this section we prove the continuity of the Hausdorff and dynamical dimensions as functions of the defining IFS, i.e. Theorem [2.9](#FPar12){ref-type="sec"}.

Theorem 6.1 {#FPar39}
-----------

(Generalization of Theorem [2.9](#FPar12){ref-type="sec"}) The functions$$\documentclass[12pt]{minimal}
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Proof {#FPar40}
-----
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In this section we give new proofs of Theorems [2.4](#FPar7){ref-type="sec"} and [2.5](#FPar8){ref-type="sec"}, i.e. equality of the Hausdorff and dynamical dimensions in certain special cases, based on the results of the previous sections. Both of the theorems can now be stated in somewhat greater generality than they were in the introduction.
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Remark 7.3 {#FPar45}
----------
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At a very abstract level, the difference between the two-dimensional and three-dimensional case can be described as follows: The Hausdorff dimension of a "homogeneous" non-invariant measure (such as a pseudo-Bernoulli measure) is equal to the lim inf of its dimension at different length scales. At each length scale, the dimension is equal to the sum of the coordinatewise dimensions at that scale. So if $\documentclass[12pt]{minimal}
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One aspect of this explanation is that it implies that the reason we can handle two coordinates instead of just one is that we are considering the Hausdorff dimension, which corresponds to a lim inf, rather than the packing dimension, which corresponds to a lim sup. It is well-known that the Hausdorff and packing dimensions of a self-affine set can be different even in two dimensions; see e.g. \[[@CR28], Theorem 4.6\] together with \[[@CR38], Proposition 2.2(i)\]. This is in contrast to the situation for finite conformal IFSes, where the Hausdorff and packing dimensions are always the same \[[@CR31], Lemma 3.14\].

Construction of dimension gap sponges {#Sec10}
=====================================

In this section we prove the main result of this paper, the existence of sponges with a dimension gap, viz. Theorem [2.8](#FPar11){ref-type="sec"}. Before starting the proof, we give a sketch to convey the main ideas. In the sketch we write down formulas without giving any justification, since these formulas will be justified in detail in the real proof.

CONVENTION 1 {#FPar46}
------------

We denote the product of two matrices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}\cdot \mathbf {B}$$\end{document}$. It should not be confused with the scalar product of two vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {v}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {w}$$\end{document}$, which we denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \mathbf {v},\mathbf {w}\rangle $$\end{document}$.

Fig. 2An example of the disjoint-union-of-product-IFSes construction, with $\documentclass[12pt]{minimal}
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Proof Sketch of Theorem 2.8 {#FPar47}
---------------------------

The goal is to find a diagonal IFS $\documentclass[12pt]{minimal}
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Remark 8.3 {#FPar52}
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Remark 8.4 {#FPar53}
----------

It should be pointed out that the directions of the inequalities ([8.21](#Equ57){ref-type=""}) and ([8.22](#Equ58){ref-type=""}) are irrelevant to the question of whether there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{\mathbf {K}}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{\mathbf {Y}}}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {z}$$\end{document}$ satisfying them. Indeed, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{\mathbf {K}}}$$\end{document}$ (or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{\mathbf {Y}}}$$\end{document}$) is replaced by its negative, then the signs of both inequalities simultaneously flip, while if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {z}$$\end{document}$ is replaced by the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\mapsto \mathbf {z}(-t)$$\end{document}$, then the sign of ([8.22](#Equ58){ref-type=""}) flips but the sign of ([8.21](#Equ57){ref-type=""}) stays the same. So given a triple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\widehat{\mathbf {K}}},{\widehat{\mathbf {Y}}},\mathbf {z})$$\end{document}$ that satisfies ([8.21](#Equ57){ref-type=""}) and ([8.22](#Equ58){ref-type=""}) with respect to any given direction of signs, it is possible to modify this triple in a minor way to get a triple that satisfies ([8.21](#Equ57){ref-type=""}) and ([8.22](#Equ58){ref-type=""}) with respect to the correct direction of signs.

Open questions {#Sec11}
==============

Although Theorem [2.8](#FPar11){ref-type="sec"} provides an answer to Question [1.2](#FPar2){ref-type="sec"} in dimensions 3 and higher, it is natural to ask what happens in dimension 2:

Questions 9.1 {#FPar54}
-------------
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Although we have proven that the dimension gap $\documentclass[12pt]{minimal}
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Questions 9.2 {#FPar55}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {MDG}(d)$$\end{document}$; for example, we can show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {MDG}'(d) \le d - 2$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Although Theorem [2.9](#FPar12){ref-type="sec"} shows that the map $\documentclass[12pt]{minimal}
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Questions 9.3 {#FPar56}
-------------
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Finally, we speculate that the key ideas behind our definition of a pseudo-Bernoulli measure might apply more generally. We therefore ask the following questions:

Questions 9.4 {#FPar57}
-------------

Is there any useful class of measures that exhibits scale-dependent behavior similar to pseudo-Bernoulli measures in a more general context? For example, can the ideas of this paper be used to construct repellers with a dimension gap other than sponges?

Read literally, the setup of \[[@CR3]\] implies that the maps $\documentclass[12pt]{minimal}
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This terminology is not meant to imply that the Lyapunov exponents are distinct or have been arranged in increasing order, although it is often convenient to assume the latter (cf. Proposition [2.16](#FPar21){ref-type="sec"} below).

Specifically, it is not clear whether every expanding repeller can be embedded into an expanding global endomorphism of a compact manifold.
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This is called Corollary 1.8 in the appendix of the preprint version of \[[@CR11]\].

Here *O*(1) denotes a quantity whose magnitude is bounded by a constant, in particular independent of *k*.

Although we have checked that the signs and orientations in this paragraph are correct (and we thank the referee for pointing out a couple of errors in a previous version), it is not necessary to check this to verify the validity of the argument; cf. Remark [8.4](#FPar53){ref-type="sec"}.
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